Abstract. In this paper, we continue our investigation of polyharmonic mappings in the complex plane. First, we establish two Landau type theorems. We also show a three circles type theorem and an area version of the Schwarz lemma. Finally, we study Lipschitz continuity of polyharmonic mappings with respect to the distance ratio metric.
Introduction
In a simply connected domain, a mapping F is polyharmonic if and only if F has the following representation:
where each G k is harmonic, i.e., ∆G k (z) = 0 for k ∈ {1, · · · , p} (cf. [8, 9] ). This is also known as the Almansi expansion (see [5] ). When p = 1 (resp. p = 2), F is harmonic (resp. biharmonic). The properties of biharmonic mappings have been investigated by many authors (see, e.g., [1, 2, 3, 14] ). We refer to [15, 16] for the basic properties of harmonic mappings. References [8, 9, 10, 11, 12, 13] are mainly about the geometry properties for certain classes of polyharmonic mappings, such as the starlikeness and convexity, the extremal points, convolution and existence of neighbourhoods. Coefficient estimates, Landau type theorems and radii problems of them are also investigated. The classical theorem of three circles [4, 22] , also called Hadamard's three circles theorem, states that if f is an analytic function in the annulus B(r 1 , r 2 ) = {z : 0 < r 1 < |z| = r < r 2 < ∞}, continuous on B(r 1 , r 2 ), and M 1 , M 2 and M are the |F (z) − F (w)| (see [6] ).
In [19] , Poukka proved the following theorem.
Theorem A. Suppose f is analytic in D. Then for all positive integers n we have
Moreover, equality holds in (1.1) for some n if and only if f (z) = f (0) + cz n for some constant c of modulus Diamf (D)/2.
We will generalize Theorem A for polyharmonic mappings, and get some coefficient estimates.
For r ∈ [0, 1), the length of the curve C(r) = {w = F (re iθ ) : θ ∈ [0, 2π]}, counting multiplicity, is defined by
where F is a polyharmonic mapping defined in D. In particular, let l F (1) = sup 0<r<1 l F (r) (cf. [7] ). We use the area function S F (r) of F , counting multiplicity, defined by
where dσ denotes the normalized Lebesgue area measure on D (cf. [7] ). In particular, we let
For a polyharmonic mapping F in D, we use the following standard notations:
In [6] , the authors proved the following area versio of the Schwarz lemma:
Theorem B. Suppose f is analytic on the unit disk D. Then the function φ Area (r) := (πr 2 ) −1 Areaf (D r ) is strictly increasing for 0 < r < 1, except when f is linear, in which case φ Area is a constant.
It is natural to study if a similar area version of the Schwarz lemma exists for polyharmonic mappings.
For a subdomain G ⊂ C and for all z, w ∈ G, the distance ratio metric j G is defined as 
where m ∈ {j, k}.
In [20, 21] , the authors considered Lipschitz continuity of the distance-ratio metric under some Möbius automorphisms of the unit ball and conformal mappings from D to D. We will investigate Lipschitz continuity of the distance-ratio metric under certain classes of harmonic mappings.
The organization of this paper is as follows: In Section 2, we get some coefficient estimates for polyharmonic mappings, and then we obtain two Landau type theorems. The corresponding results are Theorems 1, 2, 3, and 4. Theorem 1 is a generalization of Theorem A, and Theorem 2 is a generalization of [7, Theorem 3] . In Section 3, we establish a three circles type theorem and an area version of the Schwarz lemma for polyharmonic mappings. Our results are Theorems 5 and 6. Theorem 5 is a generalization of [7, Theorem 1] , and Theorem 6 is a generalization of Theorem B. Finally, in Section 4, we investigate the Lipschitz continuity regarding the distance ratio metric for polyharmonic mappings. The results are Theorems 7 and 8. Theorem 7 is a generalization of [20, Theorem 1].
length of polyharmonic mappings
We begin this section by showing useful coefficient estimates for polyharmonic mappings. Theorem 1. Suppose that F is a polyharmonic mapping in D of the form
and all its non-zero coefficients a n 1 ,j , a n 2 ,j and b n 1 ,j , b n 2 ,j satisfy the condition:
,
for all n ∈ {1, . . . , p}, j ≥ 1. For p = 1, the inequalities in (2.3) are sharp for the mappings F (z) = Cz n and F (z) = Cz n , respectively, where C is a constant.
Proof. Let
Obviously, |H(z)| ≤ DiamF (D), and
where |z| = r. Therefore,
for all j ≥ 1. Set k = j, and let r tend to 1. Then by the assumption (2.2), we get
By Cauchy's inequality, we have
for all j ≥ 1. The proof of the theorem is complete.
Theorem 2. Suppose F is a K-quasiregular polyharmonic mapping in D of the form (2.1), l F (1) < ∞, and satisfies the condition:
for non-zero coefficients a n 1 ,j , b n 1 ,j , a n 2 ,j , and b n 2 ,j . Then for all n ∈ {1, . . . , p}, j ≥ 1,
.
Proof. By a simple computation, we have
Then for j 0 ≥ 1, we get that
(n + j 0 − 1)a n,j 0 r 2(n−1) , and 1 2π
which give us
It follows from
(2.5) and (2.6) imply that
for all j 0 ≥ 1, and hence,
, for all k ∈ {1, . . . , p}, j ≥ 1. The proof of the theorem is complete.
Next, we establish two Landau type theorems for polyharmonic mappings. (
Proof. The proof of this result is similar to [12, Theorem 1] , where |a n,j | + |b n,j | ≤
DiamF (D) and λ F (0) = α is used instead of |a n,j | + |b n,j | ≤ √ M 4 − 1 · λ F (0) for all (n, j) = (1, 1), and we omit it. Example 1. Fix n = 4. Let α = e 2πi/4 be the primitive 4th root of unity, and
be a harmonic mapping of the disk onto the domain inside a regular 4-gon with vertices at the 4th roots of unity (cf. [16, p. 59] ). By calculations, Figure 1) . Obviously, λ F 1 (0) = 1, DiamF 1 (D) < ∞ and the coefficients of F 1 satisfy the condition (2.2) for all its non-zero coefficients. Then Proof. For any z 1 = z 2 , where z 1 , z 2 ∈ D r and r ∈ (0, 1) is a constant. It follows from (2.7) that
1 − r , and
That is
, where
It is easy to see that the function ϕ(r) is strictly decreasing for r ∈ (0, 1), lim r→0+ ϕ(r) = α and lim
Hence there exists a unique r 2 ∈ (0, 1) satisfying ϕ(r 2 ) = 0. This implies that F is univalent in D r 2 . For any w in {w : |w| = r 2 }, we obtain
Obviously,
The proof of the theorem is complete.
then we can choose K = 3. Obviously, λ F 2 (0) = 1, l F 2 (1) < ∞ and the coefficients of F 2 satisfy the condition (2.4) for all its non-zero coefficients. Then F 2 is univalent in the disk D r 3 and F 2 (D r
Area distortion under polyharmonic mappings
In this section, we investigate the area distortion under polyharmonic mappings. First, we establish a three circles type theorem, involving the area function, for polyharmonic mappings.
Theorem 5. Fix m ∈ (0, 1). Suppose that F is a polyharmonic mapping of the form (2.1), S F (r 1 ) ≤ m, S F (1) ≤ 1, |a n,j | ≥ |b n,j | for all n ∈ {1, · · · , p}, j ≥ 1, and all its non-zero coefficients satisfy the condition:
Then for r 1 ≤ r < 1, S F (r) ≤ m log r log r 1 .
Proof. By a simple computation, we have 1 2π
+ j(n 1 + n 2 − 2) + j 2 a n 1 ,j a n 2 ,j r 2(n 1 +n 2 +j−3) , and 1 2π
(n 1 − 1)(n 2 − 1)(a n 1 ,j a n 2 ,j + b n 1 ,j b n 2 ,j )
It follows from the assumption (3.1) that
and hence
jRe a n 1 ,j a n 2 ,j − b n 1 ,j b n 2 ,j r 2(n 1 +n 2 +j−2) ≥ 0.
Then the maximum of G on D r is obtained on the real axis, that is S F (r) = G(r) = max |z|=r |G(z)|, where 0 < r 1 ≤ r < 1. Hence the result follows from Hadamard's theorem. As in [7, Theorem 1] , the mapping F (z) = αz + βz, with |α| 2 − |β| 2 = 1 shows the sharpness.
The following theorem is an area version of the Schwarz lemma for polyharmonic mappings.
Theorem 6. Suppose that F is a polyharmonic mapping of the form (2.1), |a n,j | ≥ |b n,j | for all n ∈ {1, · · · , p}, j ≥ 1, and all its non-zero coefficients satisfy the condition (3.1). Then the function φ Area (r) := (πr 2 ) −1 AreaF (D r ) is strictly increasing for 0 < r < 1, except when F (z) has the form (3.7), in which case φ Area is a constant.
Proof. It follows from (3.2) that 1 2π
Since S F (r) = A(r)/π, then the equations (3.3) imply that
jRe a n 1 ,j a n 2 ,j − b n 1 ,j b n 2 ,j r 2(n 1 +n 2 +j−2) .
then by (3.4) and (3.5), we have
Re a n 1 ,j a n 2 ,j − b n 1 ,j b n 2 ,j r 2(n 1 +n 2 +j−2)−1 .
By simple calculations and the assumption, we get
If φ Area (r) is not strictly increasing, then there is 0 < s < t < 1, such that φ Area (r) = C for every s ≤ r ≤ t. This implies that φ Area (r) ≡ 0 on [s, t], then
. By (3.6), we see F has the following form
where η, ξ, ζ 1,k , ζ 2,k ≥ 0, and θ k , ϕ k ∈ R.
Remark 1. If F is analytic, then Theorem 6 reduces to [6, Theorem 1.9], and gives a new proof of it.
Moreover, by (3.6), we have
Therefore the corollary given below follows.
Corollary 1.
Suppose that F is a polyharmonic mapping of the form (2.1), |a n,j | ≥ |b n,j | for all n ∈ {1, · · · , p}, j ≥ 1, and all its non-zero coefficients satisfy the condition (3.1). If AreaF (D) = π, then AreaF (D r ) ≤ πr 2 for every 0 < r < 1.
Lipschitz continuity of polyharmonic mappings
Now, we give a sufficient condition for a polyharmonic mapping to be a contraction, that is to have the Lipschitz constant at most 1. As the proof in [20, Theorem 1] , the mapping F (z) = |z| 2(p−1) z j or F (z) = |z| 2(p−1) z j for p, j ≥ 1, shows the sharpness.
In fact, for a harmonic mapping f (z), the condition |f (z)| < 1 is not sufficient for the inequality (4.1) to hold for the case M = 1. For example, one may consider the mapping f (z) = 0.26z + 0.25z + 0.25iz 2 − 0.25iz 2 . Now, we study Lipschitz continuity of harmonic mappings f with respect to the distance ratio metric, without the condition (4.1). ). Hence,
